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M. AGHAPOURNAHR 

Abstract. Let R be a commutative Noetherian ring with non-zero identity and a an ideal of R. Let 
M be a finite R— module of of finite projective dimension and N an arbitrary finite i?-module. We 
characterize the membership of the generalized local cohomology modules H*(Af, N) in certain Serre 
subcategories of the category of modules from upper bounds. We define and study the properties of a 
generalization of cohomological dimension of generalized local cohomology modules. Let 5 be a Serre 
subcategory of the category of ij-modules and n ^ pdM be an integer such that (M, N) belongs to 
S for all i > n. If b is an ideal of R such that H™(M, N/bN) belongs to S, It is also shown that the 
module H' l (M, N)/b H™(M, N) belongs to S. 



1. Introduction 

Throughout this paper R is a commutative noetherian ring. Let a be an ideal of R, M be a hnitc R 
module of of finite projective dimension and N an arbitrary finite -R-module. The notion of generalized 
local cohomology was introduced by J. Herzog [16]. The i-th generalized local cohomology modules of 
M and N with respectt to a is defined by 

Ff a (M, N) limEx4(M/o"M, N). 

n 

It is clear that iP a (R,N) is just the the ordinary local cohomology module H l a (N). This concept was 
studied in the articles [20], [6] and [22] . 

For ordinary local cohomology module there is the important concept cohomological dimension of an 
i?-module N with respect to an ideal a of R. It is denoted by 

cd a (N) = sup{i 0| W l a (N) ^ 0} 

This notion has been studied by several authors; see, for example [2], [TB], Q35], Q2] and [IB] , 

Hartshorn [T5] has defined the notion q a (R) as the greatest integer i such that H^(i?) is not Artinian. 
Dibaei and yassemi [TJ] extended this notion to arbitrary finite i?-modules as 

q a (N) = sup{i ^ 0| Ha(N) is not Artinian} 

Recall that a subclass of the class of all modules is called Serre class, if it is closed under taking 
submodules, quotients and extensions. Examples are given by the class of finite modules, Artinian 
modules and etc. In [Tj Theorem 3.1 and 3.3] the Author and Melkersson characterized the membership 
of ordinary local cohomology modules in certain Serre class of the class of modules from upper bounds 
they also introduced Serre cohomological dimension of a module with respect to an ideal 1, Definition 
3.5] as 

cd( 0)S) (iV) = sup{n > 0| ff a (A) is not in S}. 
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see also [H Definition 3.4]. Note that when <S = {0} then cd( 0j 5)(iV) = cd a (JV) and when S is the class 
of Artinian modules, then cd( 0i s)(AT) = q a (-/V). 

Amjadi and Naghipour in [3 (resp. Asgharzadeh, Divaani-Aazar and Tousi in [13]) extended cd (iV) 
(resp. q a (A^)) to generalized local cohomology modules as 

cd a (M, N) = sup{i ^ 0| YL\{M, N) ± 0} 

(resp. q a (M, N) = sup{« > 0| fP a (M, iV) is not Artinian}). 

They also proved basic results about related notions. Also there are some other attempts to study 
generalized local cohomology modules from upper bounds, see JTOj Corollary 2.7] and Theorem 5.1, 
Lemma 5.2 and Corollary 5.3 ]. 

Our objective in this paper is to characterize the membership of generalized local cohomology modules 
in certain Serre class of the category of i?-modules from upper bounds. We will do it in section 2. Our 
main results in this section are theorems 12. 11 12.41 and !2.6l In section 3, we will define and study the Serre 
cohomological dimension of two modules with respect to an ideal. Our definition and results in this paper 
improve and generalize all of the above mentioned one. For unexplained terminology we refer to [5] and 

2. MAIN RESULTS 

The following theorem characterize the membership of generalized local cohomology modules to a 
certain Serre class from upper bounds. 

Theorem 2.1. Let S be a Serre subcategory of the category of R-modules. Let a an ideal of R, M be a 
finite R-module of finite projective dimension and N an arbitrary finite R-module. Let n ^ pdAf be a 
non-negative integer. Then the following statements are equivalent: 

(i) H l a (Af, N) is in S for all i > n. 

(ii) il l a (M,L) is in S for all i > n and for every finite R-module L such that Suppjj(L) C Supp fl (A r ). 

(iii) IT a (M, R/p) is in S for all p £ Supp^AT) and all i > n. 

(iv) H l (M, R/p) is in S for all p £ MuiAss_r(A) and all i > n. 

Proof. We use descending induction on n. So we may assume that all conditions are equivalent when n 
is replaced by n + 1 using [22l Theorem 2.5]. 

(i)=>(iii). We want to show that H^ l+1 (Af, R/p) is in S for each p £ Supp i? (A r ). Suppose the contrary 
and let p £ Supp R (iV) be maximal of those p £ Supp fl (A) such that H™ +1 (M, R/p) is not in S. Since 
p £ Supp fl (A^), there is by [7j Chap.(ii), § 4, n° 4, Proposition 20] a nonzero map / : M — > R/p- Let 
b 3 p be the ideal of R such that Im/ = b/p. The exact sequence — > Ker/ — » M — >• Imf 0, yields 
the exact sequence 

H; l+1 (M,A^) — ► H^ +1 (A/,Im/) — ► H; l+2 (Af,Ker/). 

Since Supp fl (Ker/) C Supp H (iV), by induction lT a l+2 (M, Ker /) belongs to 5. It follows that H™ +1 (M, Im /) 
belongs to S. There is a filtration 

= iV f C N t -! c At_ 2 c ■ ■ ■ c N = R/b 

of submodules of R/b, such that for each ^ i ^ t, Ni-x/Ni = R/(\i where q 2 ; £ V(b). Then by the 
maximality of p, H™ +1 (M, R/qJ is in S. Use the exact sequences — ^ Ni — > Ni^i R/qi — > 0, to 
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conclude that H™ +1 (M,i?/b) is in S. Next the exact sequence — > Imf — > R/p — > R/b — > 0, yields the 
exact sequence 

R n a +1 (M,lmf) — > Hj +1 (M, fl/p) — > R n a +1 (M, R/b). 
It follows that H" +1 (M,i?/p) 

is in S which is a contradiction. 

(iii) =>(ii). Use a filtration for N as above. 

(iv) =>(iii). Let p G Swpp R (N). Then p D q for some q G Min AsSii(JV). Hence p € Supp fl (i?/q). 
Applying (i)=> (iii), it follows that H* (M, R/p) is in 5 for all i > n. □ 

Corollary 2.2. Let S be a Serve subcategory of the category of R-modules. Let a an ideal of R and M 
be a finite R-module of finite projective dimension. Let pdM be a non-negetive integer. If L and N 
are finite R-modules such that Swpj> R (L) — Supp fi (iV), then H^(M, L) is in S for all i > n if and only 
if H l (M, N) is in S for all i > n. 

Definition 2.3. (see [TJ Definition 2.1] and [H Definition 3.1]) Let M. be a Serre subcategory of the 
category of R-modules. We say that M. is a Melkersson subcategory with respect to the ideal a if for any 
a-torsion R-module X, :x a is in A4 implies that X is in M. M. is called Melkersson subcategory 
when it is a Melkersson subcategory with respect to all ideals of R. 

When M. is Melkersson subcategory of the category of i?-modules, we are able to weaken the condition 
(iii) in l2.1l to require that H* (M, R/p) is in M for all p G Supp^(iV), just for i = n + 1. 

Theorem 2.4. Let M. is Melkersson subcategory of the category of R-modules R-module. Let o an ideal 
of R and M be a finite R-module of finite projective dimension. Let n pd M be a non-negetive integer. 
Then for each finite R-module N the conditions in theorem \2.1\ are equivalent to: 

(v) H" +1 (A/,i?/p) is in M for all p e Supp R {N). 

Proof. (v)=>(iv). We prove by induction on i > n + 2 that H l (M, R/p) is in M for all p € Supp fl (iV). It 
is enough to treat the case i — n + 2. Suppose that H™ + (M, R/p) is not in M. for some p G Supp i? (M). 
It follows that o <£ p, since otherwise H™ +2 (M, R/p) = 0, because n + 2 > 0. Take x G a \ p and put 
L = R/(p + xR). Then Supp R (L) C Supp R (iV). We have a finite filtration 

= L t G L t -i G L t ^ 2 G • • • G L = L 

such that Li-i/Li = R/pi for each 1 < i < t where pi G Supp iJ (iV). Using the exact sequence 

u: +1 (M,L t ) — > H" +1 (M,ii_i) — > R: +1 (M,R/ Vl ) 

for each 1 < i < t, shows that H" +1 (M, L) is in M.. Consider the exact sequence — > R/p A R/p — > 
L — > 0, which induces the following exact sequence 

U: +1 (M,L) — > H n a +2 (M,R/p) H; l+2 (M,i?/p). 

This shows that :jj" +2 (m r/p) x ^ s m ^ mce H" +2 (M, -R/p) is a-torsion, by p] Lemma 2.3] 

H™ +2 (M, R/p) is in M, which is a contradiction. □ 

Remark 2.5. In theorems \2. 1\ and \2.J\ we may specialize S to any of the Melkersson subcategories, given 
in [U Example 2.4] to obtain characterizations of artinianness, vanishing, finiteness of the support etc. 
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Cho and Tang gave some parts of them in [lQl Theorem 2.5, 2.6 and Corrolary 2.7] for the case of 
artinianness in local rings. In the case of vanishing, i.e., when S merely consists of zero modules and 
finitcness of support (in local case) some parts of them were studied in [3l Theorem B] and Theorem 
5.1 part (a)]. These authors used Gruson's theorem, [3TJ Theorem 4.1], while we just used the maximal 
condition in a noetherian ring. 

Theorem 2.6. Let S be a Serve subcategory of the category of R-modules and M be a finite R-module of 
finite projective dimension. Let N be a finite R-module, a be an ideal of R and n ^ pd M be an integer 
such that H^(Af, N) belongs to S for all i > n. If b is an ideal of R such that H™(M, N/bN) belongs to 
S, then the module H™(Af, N)/b H"(M, N) belongs to S. 

Proof. Suppose H™(M, N)/b H™(Af, N) is not in S. Let L be a maximal submodule of N such that 
H%(M,N/L) ® R R/b is not in S. Let T D L be such that T b (N/L) = T/L. Since Supp^T/L) C 
V(b) n Swpp R (N), H l (Af,T/L) belongs to S for alii > n by ED 

From the exact sequence —> T/L — >• N/L — > N/T — >• 0, we get the exact sequence 

Hg (M, T/L) — > H; i (M, TV/i) -A H%(M,N/T) — > H% +1 (M, T/L). 

Torf (R/b, Kerf) and Torf (R/b, Coker/) are in S for all i, because Ker / and Coker / are in S. It follows 
from PH Lemma 3.1], that Ker(/ ® R/b) and Coker(/ ® R/b) are in S. Since H"(M, N/L) ® R R/b is not 
in S, the module H"(M, N/T) ® R R/b can not be in iS. By the maximality of L, we get T = L. We have 
shown that T b (N/L) = and therefore we can take x £ b such that the sequence — > N/L A N/L — > 
N/ (L + xN) — > is exact. Thus we get the exact sequence 

H"(M, N/L) A H"(M, N/L) -> H£(M, iV/L + sAT) -> H" +1 (M, N/L). 

This yields the exact sequence 

-4 Wl(M,N/L)/x'Sl(M,N/L) -> H™(M,N/L + xN) -> C -> 0, 

where C C H; l+1 (A7, AT/i) and thus C is in 5. 

Note that i e b. Hence we get the exact sequence 

Torf (R/b, C) — > H' a l (A/, JV/L) i?/b — ► H"(M, iV/(i + iJV)) ®fl i2/b 

However L ^ (L + xN) and therefore H"(M, N/(L + xN)) ® R R/b belongs to S by the maximality of L. 
Consequently 

W l a (M,N/L) ® R R/b 

is in S which is a contradiction. □ 

Lemma 2.7. Let M and N be two finite R-modules such that Supp^(Af) Pi Suppjj(iV) C V(a). Then 
H l a (Af, N) ^ Ext l fl (M, N) for alli>0. 

Proof. There is a minimal injective resolution E* of N such that Svpp R (E l ) C Supp^(iV) for all i > 0. 
Since Supp i j(Hom il (M, £^)) C Supp^(M) nSupp fl (iV) C V(a), Eom R (M,E i ) is a-torsion. Therefore, 
for all i > 0, 

H;(M,iV) = W(T a (Uom R (M,E'))) 
= U l (Uom R (M,E')) 

= Ext R (M,N), 
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as we desired. □ 

Asgharzadeh, Divaani-Aazar and Tousi, in [5J Theorem 3.3 (i)] proved the following corollary when 
S is the category of Artinian i?-modules with an strong assumption that N has finite Krull dimension. 
This condition is very near to local case, while it is a simple conclusion of Theorem 12.61 without that 
strong assumption. 

Corollary 2.8. Let S be a Serre subcategory of the category of R-modules and M be a finite R-module 
of finite projective dimension. Let N be a finite R-module, a be an ideal of R and n > pd M be an integer 
such that Ei(M,N) belongs to S for all i > n , then H™ (M, N) /a H™ (A/, N) belongs to S. 

Proof. Note that ff (M, N/aN) S Extjj,(M, N/aN) for all z ^ by lcmmaEB so R™(M,N/aN) = 0, 
now the proof is complete by theorem 12.61 . □ 

Corollary 2.9. Let S be a Serre subcategory of the category of R-modules and M be a finite R-module 
of finite projective dimension. Let N be a finite R-module, a be an ideal of R and n > pd M be an integer 
such that H l a (M, N) belongs to S for all i > n , then H™(M, N) is not finitely generated. Ln particular 
E n a (M,N)^0. 

Proof. Suppose H™(M, N) is finitely generated. Then there exist an integer t such that a* H"(M, N) = 
but H™, [M, N) H„ (M, N) for all i > 0. So H£(M,iV) = H" t (M, N) / o* H" t (M, N) , is in S, which is a 
contradiction. □ 

3. COHOMOLOGICAL DIMENSION WITH RESPECT TO SERRE CLASS 

In the following we introduce the last integer such that the generalized local cohomology modules 
belong to a Serre class. 

Definition 3.1. Let S be a Serre subcategory of the category of R-modules. Let a be an ideal of R and 
M,N two R-modules. We define 

cd( a 5 )(M, N) = sup{n > 0|H* (M,N) is not in S}. 
with the usual convention that the suprimum of the empty set of integers is interpreted as — oo. 

For example when S={0}, then cdr a< s) (M , N) = cd a (M,N) and when S is the class of Artinian 
modules, then cd( a! s) (M, N) — q a (M,N) as in [3] and [5]. 

In the following we study the main properties of this invariant. 

Proposition 3.2. Let S be a Serre subcategory of the category of R-modules. Let a be an ideal of R and 
M a finite R-module of finite projective dimension. The following statements hold. 

(a) Let S\,S2 be two Serre subcategories of the category of R-modules such that S\ d S%. Then 
cd( 0) 5 2 ) (M, N) < cd( 0i 5 1 )(M, N) for every finite R-module N. In particular cd( a ,s)(M, N) < 
cd a (M 1 N) for each Serre subcategory S of the category of R-modules. 

(b) If L and N are finite R-modules s.t. Suppjj,(L) C Supp fl (iV) ; then cd( 0; s)(M, L) < cd( 0j< s)(M, N) 
and eguality holds if 

Supp fl (i) = Supp R (iV). 

(c) Let — 5- N' — >• N — > N" — >• be an exact sequence of finite R-modules. Then 

cd (a , s) (M,7V) = max{cd Ca;S) (M,7V'),cd (a , s) (M,7V")}. 



(i 



M. AGHAPOURNAHR 



(d) cd( aj 5) (M, R) = sup{cd( 0j 5)(M, N)\N is a finite R-module }. 

(e) cd (0j5) (M,JV) = sup{cd (a>5) (M,i?/p)|p G Su PPfl (iV)}. 

(f) cd (a , s) (M,Af) - sup{cd (0)S) (M, J?/p)|p G Min Assfl(TV)}. 

// is Melkersson subcategory, then the following statements hold: 

(g) cd (aM) (M, N) = min{r > 0| R r a +1 (M, R/p) G M for all p 6 $wpp R (N)}. 

(h) For eac/i integer i with 1 + pdM < i < cd( ^ (Af, iV) + pdM 7 there exists p £ Supp fl (-/V) with 
H l a (M,i?/p) no* in M. 

(i) cd (a , M) (M,i?) = min{r > 0| W+ l {M,R/p) G M for all p G Spec(i?)}. 

(j) cd (ajA 4)(M, i?) = min{r > 0| R r a +1 (M, N) G M for all finite R-modules N}. 

Proof, (a) By definition. 

(b) Follows fromO 

(c) The inequality ">", holds by (b) and we get the opposite inequality from the following exact 
sequence 

... — > H l a (Af, N') — > H 4 a (Af, N) — > H l a (M, N") — > ... 

The assertions (d), (e) and (f) follow from theorem l2.1l ffl (ii), (i) ^ (ii) and (i) ^ (iv), respectively, 
(g), (h), (i) and (j) follow fromHH □ 
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